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The work investigates certain director orientational deformations and the corresponding NLC 
optical characteristics in electric field for different boundary conditions and consists of 
two Parts. 

In Part I we study the effect of Total Internal Reflection (TIR) in NLC layer with homeo- 
tropic ( B  -effect) or planar (S-effect) initial orientation subjected to an external electric field. 
Strong anchoring of the NLC molecules with the substrates is assumed. The intensity of the 
transmitted light vs angle of incidence is shown to exhibit very sharp and deep oscillations in 
the vicinity of the TIR angle, the period and the amplitude of the oscillations depending on 
the applied voltage. The calculated TIR values in B- and S-effects agree with our experi- 
mental data. 

In Part I1 we investigate orientational deformations of homeotropically aligned NLC layer 
in an electric field parallel and perpendicular to the initial director orientation (B-effect and 
flexoeffect respectively). The apparent strong anchoring of the NLC molecules with the 
substrates in B-effect, found in our experiment, is explained by introducing the surface energy 
coupling in the new form. 

The director of a nematic liquid crystal (NLC) orients in an electric field 
in accord with the condition of the torques balance, so that the dielectric 
torque, which is proportional to &a2 ( E ,  is the NLC dielectric anisotropy, 
E is the applied electric field) becomes equal to the elastic torque, tending 
to return the NLC director to its initial arrangements.$ The value of the 

'Presented at the Ninth International Liquid Crystal Conference, Bangalore, 1982. 
'In many cases the volume flexoelectric torque as well as the surface one is to be taken 

into account.' 
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54 M. I .  BARNIK et al. 

elastic torque depends on the boundary conditions at the NLC surface and 
the anchoring energy, characterizing the strength of the NLC molecules 
attachment to the limiting substrates. The director reorientation in a thin 
NLC layer results in the variation of its optical properties, for instance, 
such as the birefringence or the angle of the Total Internal Reflection 
(TIR).’ Despite a large number of papers, devoted to both certain NLC 
optical properties investigations in orientational effects and the physical 
origin of the effects themselves, some aspects of the considered problem 
are not absolutely clear. The present work consists of two parts. In the fiist 
Part we investigate the influence of the external electric field on the effect 
of TIR in NLC, having the initial homeotropic (B-effect) or planar (S- 
effect) director orientation under the condition of a strong anchoring of the 
NLC molecules with the substrates. In the second part using the experi- 
mental data, obtained in the investigations of the homeotropically oriented 
NLC layer in an electric field (B -effect)2 and flexoelectric effect)’ we show, 
that the anchoring energy W, characterizing the elastic NLC “resistance” to 
the external disturbances, has a more complicated dependence on the direc- 
tor deviation angle 8 - 8, at the substrates, than that proposed by R a ~ i n i , ~  
which is widely used nowadays:’,’ 

WO 
2 

W = - sin’ (e - 8,) 

1. TOTAL INTERNAL REFLECTION IN NLC 

The investigation of TIR-effect in NLCs is of scientific and practical 
importance. In point of fact, in some case@ TIR is completely defined by 
the director distribution within the NLC thin wall boundary layer, having 
the thickness of the order of the incident light wavelength. In view of this 
having measured the TIR angle, we obtain the data, concerning the pecu- 
liarities of the NLC director orientation in the vicinity of the solid surface5 
and can evaluate the achoring energy of the molecules with the substrate.6 
The effect of TIR may be used in electrooptical applications of NLCs, such 
as light modulators or deflectors, operating under low controlling voltages.2 

The optical properties of a thin nematic layer subjected to an electric field 
were studied’ for an obliquely incident light. The calculations of the reflec- 
tion and transmission were carried out by the numerical method, and 
developed.’ The method’ was also applied’ for calculating the spectra of 

. TIR in case of NLC Poiseuille flow through a cylindric capillary tube. The 
theory of the approximate calculating of the TIR angle for certain types of 
the director orientational deformations (such as flexodeformations, etc.) 
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INVESTIGATION OF NLC DIRECTOR 55 

and the corresponding experimental results were given. lo Nevertheless, it 
should be noted that at present the effect of TIR in NLCs, subjected to an 
external electric field, is not still absolutely clear. 

In Part I of the present work, we propose a simple theoretical model of 
calculating the transmission of a NLC layer in an electric field for an 
obliquely incident light in S- and B-effects.’ The anchoring of the NLC 
molecules with the substrates is assumed to be strong. The results of the 
calculations are compared with the experiment. 

A. THEORY 

Optical properties of NLC layer for an obliquely incident 
light-application to B- and S-effects. 

Let us consider a plane, obliquely incident at an angle i to a NLC layer with 
the thickness of L, wave of a monochromatic light (TM-wave), polarized 
in the plane of incidence (=-plane) EL exp j(KJ - ot), where 

27r 2 7rc 
EL, K, = - N sin i and w = - 

h A 

are the amplitude, wave vector and circular wave frequency, A-wavelength 
of light, t-time, c-velocity of light, N-glass refractive index (Figure la). 
The NLC director r) = {sin NZ), 0, cos e(Z)} orients on the plane of 
incidence, resulting in the refractive index dependence on the coordinate Z 
along the layer normal. In this case the nonzero components of the electro- 
magnetic field are E, (Z ,  t )  = Re{E,(Z) exp(-jot)}, HJZ, t )  = Re - 
{Hy(Z) exp(-jot)}, where Re is the real part. The Maxwell equations for 
the complex amplitudes of the waves, propagating in NLC E,(Z) and Hy(Z) 
are reduced to the following system: 

- aH: = jk(a2,EX + allH,) 
az 

Here 

2 7rL K = - (nif - n:) sin e cos e 
n: sin’ e + nf COS’ e ’ Z ’  = Z / L ,  a l l  = -N sin i 

A ’  

sin’ i N2 n:n( 
a12 = 1 - a21 = 2 n: sin’ e + nif COS’ 8 ’  n, sin2 e + ni cos’ e 
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56 M. I. BARNIK er al. 

a) 7, 
E 

5- errect B- ef f e d  

FIGURE 1 (a) A plane monochromatic wave of light with the amplitude of EL is obliquely 
incident at an angle i on a NLC cell having the thickness of L.  e(r) indicates the director 
orientation along the layer normal; r q  and n, are the main refractive indices parallel and 
perpendicular to the director respectively; (b) The director distribution &(z) in S and E 
effects; (c) O(z) - curves in B-effect for various voltages (MBBA); U/un = 1.029(1) 
1.211(2), 3.21(3), Lln is the threshold voltage. (d) The corresponding maximum director 
deviation angle 8, at the center of the layer vs voltage. 

We can rewrite the Eq. 2 in a vector form: 

a -  z+ = j d i j  (3) 

where 

Let us assume below the geometrical optics approximation 

(4) 
2vL K=- % = l  

Then the solution of the Eq. 3 up to higher degree terms in powers of K has 
the form of 

7 

P112 exp jk (A + B )  P112 exp jk (A + B )  
P-"' exp jk (A + B )  P-'" exp jk (A - B )  
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INVESTIGATION OF NLC DIRECTOR 

where C, = const., P ( Z ’ )  = ( U I Z / Q Z I ) ” ~ ,  

A(Z’) = [ulldz’, B ( Z ’ )  = ( U I Z : U Z I ) ” ~ ~ Z ’  6’ 
Taking into account the initial conditions, we have: 

- 
I) = pqo 

where 

57 

F I 1  = exp(ik4) (P/P0)”’ cos K B ,  F I 2  = exp(ik4) j - (Po - P)”’ sin K B ,  
F Z I  = exp(jkA)j(PoP)-1/2 sin K B ,  FZ2 = exp(ikA) ( P 0 / P ) ’ ”  cos K B ,  
Po = P(Z’ = 0). Wishing to find the amplitudes of the transmitted T and 
reflected R waves for an oblique incidence of light on the NLC layer we 
use the method, developed.* If T,, Rx and Ex are the projections of T, R and 
E on theX-axis, then the vector amplitudes of the transmitted, reflected and 
incident waves are: 

Using Eq. 5 we obtain: 

or in the scalar form 

Tx = FII(EX + Rx) + F12rAEx - Rx) 
rxTx = FZI(Ex + Rx) + F22rx(Ex - Rx) (8) 

According to Eq. 8 the intensities of the reflected I, and transmitted I ,  
waves are: 

where we use the relation ldet El = (FllFZ2 - FlZFz11 = 1, followed from 
the energy conservation law. 

The director distributions in NLC layer, subjected to an external electric 
field in S- and B-effects are shown on Figure lb. The effects arise under 
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58 M. I .  BARNIK et al. 

the voltages above certain threshold values (U > U, = ~ ( 4 7 r K ~ ~ / -  E,)~” in 
B-effect ( E ,  < 0) and U > Us = n(4TKll/&,)1’2 in S-effect (E ,  > 0). If we 
assume strong anchoring conditions at the boundaries*, then the director 
deviation angle e(z) in B- and S-effects becomes a function of NLC 
parameters only x = K l l / K 3 3  - 1 and y = el/&ll - 1, where KII and K33 
are the splay and bend elasticity coefficients respectively, E ~ I  and 
E~ -dielectric permittivities along and perpendicular to the director 
(E ,  = El( - El ) : ’ , 2  

8 = 8S,(Z’, x, y, U/Us.B), (10) 

so that 8s,B = 0 for Z’ = 0 , l  (Figure lb). The typical B(Z’)-curves for 
various voltages are shown on Figure lc. 

Substituting Eq. 10 into Eq. 9 for Z’ = 1 we calculate the transmittance 
of the NLC layer subjected to an electric field in B- and S-effects for an 
oblique incidence of light at an angle i. If N > min(n,, ns), then TIR 
appears at a certain angle i = im.” The majority of NLC is characterized 
by a positive optical anisotropy An = rill - n > 0, so that the TIR angle 
varies with increasing the applied voltage within the limits: arcsin 
(n,/N) < im < arcsin (nll/N). 

As it follows from Eq. 5 ,  the light wave is attenuated for uI2 < 0 and 
propagates without losses if uI2 > 0. The value uI2 = 0 corresponds to the 
boundary of the layer, the attenuation starts from. According to this, the 
TIR angle can be estimated as follows: 

{i : a&) = 0) 

where 3 = max &Z’) if rill > n,. It is evident, that 8 = 8, for B-effect, 
where 0, is the angle at the center of the NLC layer, while in S-effect we 
have 8 = 8, being the director orientation at the boundaries (Figure 1). 

It should be noted that the similar estimation of the TIR angle has 
been obtained e l s e ~ h e r e ~ * ~ * ’ ’  for the director deformations such as 
8 = max e(Z’) = 8,. The estimation is correct only if the director orien- 
tation near the boundary does not change very rapidly: 

- 

*The weak anchoring conditions are considered in Part I1 of the work. 
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INVESTIGATION OF NLC DIRECTOR 59 

Increasing the voltage in S-effect results in an abrupt change of the orien- 
tation within the boundary layer (dO/dZ')8,eB - 1, so that the im esti- 
mation by (11) becomes more inaccurate. On the contrary in B-effect the 
director orientation at the center of the layer is smooth: 

with rising the voltage [Om + ( ~ / 2 ) ] ,  thus reducing the error of the 
estimation (1 1). 

The calculated intensity of the transmitted light wave I ,  vs the angle of 
incidence in B-effect is given in Figure 2. If i+ im - 0 and U 5 U, the 
transmittance curve exhibits very sharp and deep oscillations so that, the 
amplitude of the oscillations increases (I,,,, - I,,i, - 1) when ap- 
proaching the TIR angle. The intensity of the reflected wave I,(i) oscillates 
in a similar way as it follows from the energy conservation law for 
nonabsorbing NLCs: Z, + Z, = 1. I '  These oscillations arise due to the inter- 
ference of the light beams reflected from the upper (z' = 1) and lower 

I 

05 

OL \, 4 
75.9io 76.93" 7 7 3  

FIGURE 2 The intensity of the transmitted wave I, vs angle of incidence i in the vicinity of 
the TIR angle i -+ iTIR with increasing the applied voltage in B-effect: U/UB = I(a), 
1.025(b), 1.52(c). We used in the numeric calculations the following NLC parameters 
(MBBA): K , ,  = 0.67 dyne, Ka3 = 0.83 - dyne, E~ = 5.25, = 4.7, 
n 11 = 1.76, n, = 1.57. The flint glass refractive index N = 1.8, NLC thickness L = 22p, 
wavelength of the incident light A = 0 . 6 3 ~ .  The photograph, illustrating the oscillation 
behavior of the transmitted wave intensity curve at the incidence angles i close to 
im : iTm - 1.5" I i 5 iTm for U/UB = 0 is given on the right upper comer of the figure. 
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60 M. I. BARNIK et a!. 

(Z' = 0) boundaries of a thin NLC layer. In the vicinity of the TIR angle 
i+ im the amplitude of the oscillations increases due to the rising reflec- 
tion. Let us note, that for L B A the oscillations of the reflected wave 
intensity have been also observed in thin isotropic films. 12~13 

Assuming in (2) nl = rill = n one can obtain the following approximate 
formula for I, when i + im: 

where 0 < Si = inR - i * 1 .  The number of the intensity maxima 

2L 
A 

M - -d2n(N2 - n2)II2 

is in a qualitative agreement with the results of the calculations (Figure 2): 
for Si - 0.02 we have M - 15. 

The sharp intensity oscillations of the reflected from the NLC layer light 
wave in the vicinity of the TIR angle seem to have been observed for the 
first time in9 for Poiseuille flow of NLC through a cylindric capillary tube. 
In this case the function Ir(i), i + im depends on the director distribution 
on the plane of the light incidence. In B-effect the intensity of the trans- 
mitted wave is a function of the applied field. When the applied voltage U 
exceeds the threshold value U,, the amplitudes of the oscillations fall 
down, while the distance between the maxima increases so that at a certain 
voltage I , ( i )  takes the form of a step function, as in TIR from a semi-infinite 
medium." This effect seems to take place due to the decrease with in- 
creasing the voltage of the thickness L = Leflof the effective layer, in which 
the propagating waves do not attenuate. The interfering light beams are 
reflected from the boundaries of this layer. The transformations of the 
intensity curve may be qualitatively explained by substituting into Eq. 12 
the decreasing values of L. As it follows from Eq. 5 the effective layer 
extends to the values of Z' for which uI2 3 0. The effective layer in 
B-effect is located near the NLC layer boundaries (Figure lb). 

The TIR-phenomenon- in S-effect has its-peculiarities, though, from the 
formal point of view, the relations Eqs. 9-10 remain the same, if one 
changes 8 + (7r/2) - 8 (Figure lb) or (which is an equal operation) 
n,zSnll, K l l e K 3 3 ,  ~ ~ z S e l 1 .  In S-effect the light, incident at an angle inR, 
penetrates into the NLC layer only over the distance of the order of the light 
wavelength A 6 L." The penetration depth varies very slowly with in- 
creasing the voltage. The behavior of the transmitted wave intensity I,(i) in 
S-effect differs from that one in B-effect. As it is shown in Figure 3 the 
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INVESTIGATION OF NLC DIRECTOR 61 

1 

a5 

a 
:5k , I  

it 

6IS 62.1 
i o  

603 
6) 

oi!L. 0 606" 61.6" 62.8" t 

C) 

FIGURE 3 The transmitted wave intensity I ,  vs angle of incidence i in the vicinity of the TIR 
angle i + iTm with increasing the applied voltage in S-effect: U/Us  = 1.027(a), 2.616(b), 
3.098(c), U,-is the threshold voltage of S-effect. We used in the numeric calculations the 
parameters of MBBA as in Figure 2 except the value = 5.35. 

curve I,(i) in S-effect is of an oscillating character even for U %= Us.  It 
should be also noted, that when i --* inR the transmittance I,(i) is tending 
to zero very slowly, which gives an appreciable error in the definition of the 
im angle. The oscillations on the transmitted wave intensity curve I,(i) 
when i --* im, observed even for very high voltages, may be explained by 
the fact, that in S-effect the effective layer (alz 5 0) extends to almost all 
the NLC thickness except small boundary regions. 

Experimental results- comparison with the theory 

The investigation of B-effect were carried out using MBBA at room tem- 
peratures. The elastic moduli of MBBA are KII = 0.67 * dyne and 
Kj3 = 0.83 * low6, the refractive indices rill = 1.76 and n ,  = 1.57 (at the 
wavelength A = 632.8 nm) and the dielectric anisotropy E, = E I ~  - = 

-0.55. The TIR phenomenon in S-effect was investigated in MBBA, 
doped with n-cyanophenyl ester of n-heptylbenzoic acid (CEHBA). The 
dielectric anisotropy of the doped MBBA was E, = +O. 1, the other pa- 
rameters being practically the same as in pure MBBA.14 

The liquid crystal was placed between two flint-glass cylindric lenses 
(the refractive index N = 1.8), which inner surfaces were coated with SnOz 
transparent electrodes. The NLC thickness L = 22p was fixed by teflon 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

0:
31

 2
1 

Fe
br

ua
ry

 2
01

3 



62 M. I. BARNIK et al. 

7 
FIGURE 4 The experimental set-up for the TIR angle measurements. (1) Flint-glass cylin- 
drical lenses; (2) SnOl transparent electrodes; (3) Teflon spacers; (4) NLC; (5) He-Ne-laser; 
(6) Photomultiplier; (7) D. C. generator. 

spacers. The initial planar orientation for S-effect observations was made 
by rubbing the electrodes, preliminarily coated with a thin film of a poly- 
vinyl alcohol. To observe B-effect the initial homeotropic orientation was 
made by treating the lenses surfaces with a stearinchloride of chromium. 

The experimental set up is given on Figure 4. A polarized He-Ne 
(A = 632.8 nm) laser beam perpendicularly incident on the cylindric sur- 
face, crossed at a certain angle the NLC layer and, keeping the direction 
unchanged, got into a photomultiplier or a screen placed behind the NLC 
cell. The variation of the angle of incidence was made with the help of 
Fedorov's table, which the NLC-cell was locked on. The TIR angle was 
defined by the transmitted wave intensity extrapolation to a zero level. The 
accuracy of the TIR angle measurements was limited by the divergence of 
the laser beam which was of the order of 10' t 15'. 

The photograph, which illustrates an oscillating behavior of the reflected 
wave intensity at incidence angles i close to i = im is given on Figure 2. 
In this experiment we increased the divergence of the laser light beam up 
to -1.5", using a long-focal-length lens. Thus several interference maxima 
and minima were observed simultaneously, because the light beam includ- 
ed all the angles of incidence i with the range im - 1,5" 5 i 5 im. 

Figure 5 shows the TIR angle dependence on the applied voltage U/U,,, 
in B- and S-effects. The dots indicate the experimental values, the solid 
lines correspond to the im-curves obtained in the computations, using the 
relations of Eqs. 9 and 10, where im was defined as an angle of incidence, 
for which I,(im) = lo-*. The dashed line is drawn in accordance with the 
qualitative estimation Eq. 11, of the TIR angle. The sharp fall of the im 
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INVESTIGATION OF NLC DIRECTOR 63 

value with rising the applied voltage in B-effect corresponds to the rapid 
growth of the director deviation angle at the center of the NLC layer 
6 = &(v) (Figure Id). At the same time a slow increase of the TIR angle 
inR(U) in S-effect for strong anchoring conditions (8 = 6, = 0) is caused 
by the abrupt change of the NLC orientation within the boundary layer for 
the sufficiently high values of the applied voltage. As we have already 
mentioned above, the error of the iTR estimation by JQ. 11 increases with 
the voltage in S-effect and the situation is quite the reverse in B-effect 
(Figure 5). It should be noted once more, that measuring the im values in 
B-effect one obtains only the data concerning the NLC orientation at the 
center of the layer. 

Thus in Part I of the present work we have investigated the effect of Total 
Internal Reflection of a NLC layer subjected to an electric field in orien- 

- 

60” m i 2 3 U i v ,  

6) 
FIGURE 5 The TIR angle iTIR dependence on the applied voltage U/Un,s  in B (Figure 5a) 
and S (Figure 5b) effects. The solid lines indicate our numerical calculations, dots- 
experimental data, dashed line-the evaluation in accord with (11) .  I,(iTIR) = lo-*, the other 
parameters are taken as for Figure 2. 
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64 M. I. BARNIK er al. 

tational S- and B-effects provided that strong anchoring conditions at the 
boundaries are fulfilled. In the second part we shall lift the last restriction 
and consider weak anchoring in the orientational NLC deformations. 

II. ORIENTATIONAL DEFORMATIONS IN HOMEOTROPIC 
NLC LAYERS 

New type of boundary conditions 

One of the most important Liquid Crystal (LC) characteristics is the 
anchoring energy of the LC molecules with the limiting boundaries. The 
term “anchoring energy” (“surface energy coupling”, etc.) has been intro- 
duced by Rapini and Papular4 in the form of Eq. 1. The anchoring strength 
coefficient W0/2 in Eq. 1 is equal to the energy, needed for the maximum 
director deviation 0 - 0, from the initial orientation 0, at the boundaries. 
The anchoring energy W exerts a considerable influence on the equilibrium 
LC configuration with” or ~ i t h o u t ~ * ’ ~ , ’ ~  external disturbances and, besides, 
defines dynamicI8 and thresh~ld~, ’~  characteristics of certain electro and 
magnetooptical effects. Nehring, et a1.,I9 have shown, in particular, that 
taking into account weak boundary coupling results in a considerable de- 
pendence of the threshold voltage of an orientational effect U,,, on the 
anchoring coefficient W, and the cell thickness L 2 0  

v,,,= U h  1 + -  ( 3 - I  

where U, is the threshold voltage provided that strong anchoring conditions 
W, + 03 are fulfilled.* 

The variation of the birefringence 6 and the director orientations 0, at 
the center of the layer and 8, at its boundaries vs applied voltage are also 
affected by the value of the anchoring strength coefficient W,.I9 Weak 
anchoring of the NLC director with the substrates causes steeper transitions 
with complete saturation of &U), 0,(U) and 0,(U) at low electric fields. 
The typical curves &U/UB) and @,(U/UB) in B-effect (Figure lb) are 
shown on Figure 6. 

The threshold voltage dependence on the NLC layer thickness in the 
form of (14) may be used in “Rapini model” to determine the anchoring 
coefficient W,. However, certain measurements of the threshold voltage 
values show,*’ that these values do not depend on the NLC layer thickness, 

*Urn = U. or Us in S- and Beffects respectively. 
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INVESTIGATION OF NLC DIRECTOR 65 

FIGURE 6 The birefringence 6 and the director orientation Ob at the boundaries vs voltage 
U/UB in B-effect. The numeric calculations were carried out using the “Rapini model” of 
anchoring energy (1). The NLC thickness L = 2 2 ~ ;  anchoring coefficient W,, = 0.1 erg/sm’ 
(curve l), 0.01(2), 0.005(3), 0.001(4), 0.0005(5). 

which, in accordance with (14), entails the strong anchoring conditions 
(W, B 0.1 erg/sm2). If the initial NLC orientation is planar the strong 
anchoring is quite acceptable” and confirmed in a series of experiments.’ 
However, in case of initial homeotropic alignment this degree of anchoring 
contradicts with a number of measurements with different t echn iq~es .~ , ”*~~  
In particular, the flexoeffect in the Helfrich cell ge~metry ,~  observed in 
some e~perirnents*~-~~ is possible only under weak anchoring conditions. 
The phase difference A@ in flexoeffect: 

A@ = A@o A@, = - (1  IT Ln, - $)$, (15) 
(1 + z)2’ 12A D
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66 M. I. BARMK ef al. 

is derived using the anchoring energy in the form of Eq. 1, where A@, = 
A@(Wo = 0), V ,  = K33/e33 + m,, e 33-flexocoefficient, m,-surface po- 
larization, U-external voltage. 

The problem of the surface energy coupling and estimation of the anchor- 
ing coefficient W, acquires special significance due to the growing interest 
in the LC research as a whole and orientational effects in LC, in particu- 
lar.’~’ In all the papers, we have come through, the anchoring energy W is 
invariably taken in the form, proposed by Rapini in Eq. 1. However, in 
general case, W may be an arbitrary function of the director deviation 
square value at the boundaries (0 - O0)’, the expression in Eq. 1 being one 
of the possible approximations. In Part I1 of the present work we propose 
a more general type of the surface energy coupling than that given earlier 
by Rapini. The validity of our model is confirmed by experimental investi- 
gations of certain orientational deformations of homeotropically oriented 
NLC layer in an electric field. 

A. EXPERIMENTAL TECHNIQUE AND RESULTS. 

Orientational NLC director deformations were investigated by measuring 
the phase difference values between ordinary and extraordinary rays, 
passed through a NLC layer, placed between two parallel glass plates with 
Sn02 transparent layers on the inner surfaces. The thickness of the layer 
was fixed by teflon spacers. The phase difference and the threshold of the 
deformation were defined using the NLC-cell transmittance-voltage char- 
acteristics, registered in crossed polaroids by means of two-coordinate 
recorder. The velocity of the voltage scanning, applied to the cell was 
0.25 mvolt/sec. 

In investigation of the flexoeffect we did not coat the glass substrates 
with the Sn02 conducting layer, using two parallel aluminum or copper 
strips both as the electrodes and the spacers. The measurements of the 
phase difference were carried out by Senarmont compensator, built into a 
polarizing microscope. 

In the experiment we used MBBA, which was oriented homeotropically 
by depositing a stearinchloride of chromium onto the inner surfaces of the 
glass plates. The thickness of the empty cell was defined by the interference 
technique26 with the accuracy of 5%. The error in measuring the threshold 
voltage did not exceed 2%. The accuracy of determining the phase differ- 
ence values by the Senarmont compensator was 5%. 

The experimental curves of the phase difference vs applied voltage, 
measured for different NLC layer thickness in B-effect are given on 
Figure 7. In this case the phase difference values are:’ 

2lrL A@ = -(ne - A 
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INVESTIGATION OF NLC DIRECTOR 67 

FIGURE 7 
ent NLC layer thicknesses: L = lop (curve l ) ,  22(2), 34(3), 60(4), lOO(5). 

Experimental dependences of the phase difference (16) A@ vs voltage for differ- 
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where 

M. I. BARNIK et a/. 

no = n,, n, = - l n ( Z ) d z ,  1 n(Z) = nlnll 
L (n: sin’ 8 + ni cos2 

(Figure lb). Fig. 7 shows that the threshold voltage U,,, does not depend 
on the NLC layer thickness, while in accordance with (14) it must reduce 
in value with decreasing the thickness, which is especially appreciable in 
case of weak anchoring.* Taking into account the experimental error in 
definition of the U,,,-values - 2% we can estimate from (14) anchoring 
coefficient 

W, B 0.1 erg/cm2 

Figure 8 shows the phase difference in flexoeffect vs square of the 
applied voltage A@(U*). In accord with (15) these curves are straight lines, 
so that the value of A@/U2L is the function of the NLC parameters and the 

*We have measured the threshold voltages Ll* of B-effect in the NU3 layers having the 
thicknesses L from 5 to 200 microns. However, the pronounced dependence &(L) has not 
been found. 

FIGURE 8 The experimental dependences of the phase difference A 9  (15) in flexoelectric 
effect vs square of the applied voltage 11’ for the different NLC layer thicknesses L: 
L = l00p (curve l), 35(2), 20(3), 15(4), 5(5) .  
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INVESTIGATION OF NLC DIRECTOR 69 

anchoring coefficient. Table I gives the A@/V2L values for the various 
NLC layer thicknesses, presented on Figure 8. As it is seen from Table 1, 
A@/V2L values do not depend on L within the limits of the experimental 
error. Assuming the experimental error to be -5 + 10% we come to the 
conclusion, that the anchoring coefficient, defined from (15) does not 
exceed W, 5 erg/cm2. 

Summing up the data we can say, that the anchoring strength coefficient 
obtained in two different experimental investigations of orientational defor- 
mations of the homeotropically aligned NLC layer differs by a factor of lo2, 
so that in one case we observe strong anchoring conditions, while another 
gives quite the opposite result. We shall try to solve the contradiction by 
introducing the surface energy coupling in the form of the square of the 
elliptic sinus: 

w o  

2 
w = -sn2(8 - e,) 

and consider the above mentioned experimental investigations using this 
new form of the anchoring energy (17). 

B. THEORETICAL CALCULATIONS. COMPARISON 
WITH EXPERIMENT 

Let us consider orientational deformations of the homeotropically aligned 
NLC layer with the thickness of L in the electric field E.  The O(Z)-values 
indicate the director deviation angle from the Z-axis (Figure la) perpen- 
dicular to the substrates. Then the free energy functional F can be written 
as follows:' 

+ - Df ( E ~  + cos' 0)-'] dZ 
4lr 

(ell + e,)E - Kl3 z 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

0:
31

 2
1 

Fe
br

ua
ry

 2
01

3 



70 M. 1. BARNIK er al. 

TABLE I 

NLC layer 
thickness, microns 100 35 20 15 I 

A@/U~L * lo4, erg-’ 

where ell and e33 are flexomoduli, KI3 is the second order elasticity,” 
m,-surface polarization,’ W( 8)-anchoring energy of the NLC director with 
the substrates, D, = ( E ~  + ea cos’ 8)E-projection of the electromagnetic 
induction vector D, on the Z-axis (dD,/dZ = 0). Here we suppose both the 
substrates (at Z = 0 and 2 = L ,  Figure 1) to be perfectly identical, i.e. 
characterized by the same anchoring strength coefficient and opposite di- 
rection of the surface polarization. 

The equilibrium director distribution e(z ‘Z) corresponds to the minimum 
of the functional (18), thus, satisfying the Euler equation: 

($)’(Kl1 - K33) sin 8 cos 8 
d28 
- ( K I 1  sin’ 6 + K33 COS’ 8) + d2? 

02 sin 28 
8~ (el + e0 COS’ 8)’ 

= o  -- 

with the conditions at the boundaries: 

d8 
dz {g (K” sin2 e + K33 cos2 e) - KI) cos 28- 

- KI3  sin 8 cos 

+ (ell + e33)E sin 8 cos 8 + mpE sin 8 2 - = 0 (20) 

We consider only “symmetric” solutions*: 

which correspond to the absolute minimum of the NLC free energy.’ Then 
the boundary conditions (20) take the form of: 

*For “symmetric” solutions - 
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INVESTIGATION OF NLC DIRECTOR 71 

de {$ ( K l ,  sin2 8 + K33 cos2 8) - K13 cos 28-  
dz 

- K I 3  sin 8 cos 
z=o 

= 0 (the condition of symmetry) 

Let us write the potential energy of the NLC director interaction with the 
substrates in the form of the square of the elliptic sinus (17): 

(22 )  

where 0 = ( n / 2 ) [ F ( 5 , K ) / F ( n / 2 , K ) ] ,  F ( 5 , K )  = J-6 CdaI(1 - 

WO 
2 

W = - sn2 c(8) 

K 2  sin2  the elliptic integral of the first kind. The factor K varies 
within the limits: 0 5 K 5 1, thus corresponding to the decrease of the 
“potential gap” halfwidth (Figure 9a) in accord with the expression: 

2.59 
O < l - K Q I  Lw - ln[8/(1 - K ) ]  ’ 

obtained from (22) ,  if one expands the energy W ( 8 )  into a power series of 
the angle 8 for K + 1: 

It should be noted that the value K = 0 corresponds to the surface energy 
potential in the form of Rapini ( l ) ,  while K + 1 to the infinitely narrow 
potential gap near the value 8 = 0. The value W0/2  remains the height of 
the potential barrier (Figure 9a). 

The director deformation 8(z) arises only when the external voltage 
exceeds a certain threshold value U,. In order to find the threshold we 
assume in (19), (21) 181 Q 1, and taking into account (24)  write: 

d28 
- + q 2 e = o  
dzr2 
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72 M. I. BARNIK er al. 

9 
FIGURE 9 (a) The forms of the surface energy coupling (17,22) for the different values of 
the factor K K = 0 (curve 1). 0.5(2), 0.95(3), 0.999(4), 0.99999(5). 0.999999?(6). Lw is 
the halfwidth of the “potential gap”. (b) The dependence of the relative threshold U,h/uth (27) 
on the factor K, characterizing the form of the anchoring energy. L = 22p, W, = lo-’ erg/ 
cm’. We used in calculations the parameters of MBBA (see Figure 2). 

where Z’ = Z / L  , K ,  = K 1 3 / K 3 3 ,  q2 = E , U ~ / ~ K ~ ~ ,  U = E L ,  WL - 
(1/r) {ln]8/( 1 - K)]}’-the “effective” anchoring strength coefficient.* 

The problem (25)  has the solution 8 = A cos qZ‘ + B sin qZ’ with the 
nontrivial coefficients and B if the following condition is satisfied: 

4 4 - 1  L w ;  
- tg- -  
2 2 2 K33 - K13 

coinciding for K = K ,  = 0 with that one of R a ~ i n i . ~  In the limit 
LW;/(K3, - K13) S 1 the expression (26)  takes the form q - 41 - 
[2(K33 - K d ] / L W ; }  and the threshold voltage U, is: 

where L, is the halfwidth of the “potential gap” (23) ,  U, = &-the 
threshold voltage of B effect under strong anchoring conditions. Thus it 

*For L W d / K 3 3  B q 2  > 1 in accord with (25) the term -K,0  - 

( K 3 3  - K , J  LW:, 
Ku2 Lw: K33 

0 4 - 0 and can be neglected in (25). 
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INVESTIGATION OF NLC DIRECTOR 73 

follows from (27) that the “effective” anchoring coefficient, obtained from 
the experiment exceeds the real anchoring coefficient by the factor 
Wd/W, - 1/1.47L:, which for K = 0.99999999, K, = 0 gives 
W;/W,  - 60. If the apparent anchoring strength coefficient, defined 
from the experiment Wd 3 0.1  erg/sm2,  then the real one is 
W, - 1.7 erg/sm’. The estimation (27) of the threshold voltage 
agrees with the results of our numeric computations (Figure 9b). 

The exact solution of the problem (19) and (21) is given by the relation: 

z z j r x w k  = l x ( x ) d r ,  e( i  - z’) = e(zl) (28) 

wheref;(x) = (1 + y sin’ x)”’(l + x sin2 x)’/’(sin’ 0, - sin2 x) -”~  

The director angle at the boundaries: 

e, = elz=o = 

and at the center of the layer 

e m  = @lz=1/2 

depends on the applied voltage U in the following way: 

where K,  = K13/K33,  5, = C(0 = 0,) is defined from (22). In deriving (29) 
we have used the following relations: 

- - ( x  sin2 8 + sin 8 cos e d28 
a” 
-- 
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74 M. I. BARNIK er nl. 

Using (29) we can calculate the dependence of the director orientation Ob 

at the boundaries on the applied voltage U .  The results of the computations 
of Ob(U) are given in Figure 6 and Figure 10 for K = 0 and K = 
0.99999999 respectively. These values of the factor K correspond to the 
different forms of the anchoring energy (curves 1 and 6 in Figure 9). 
The relative birefringence of the NLC layer: 

WJ/UB) = An(U/UtI)/Anmaa (31) 
where Anmw = nil - n,-is the maximum optical anisotropy, An(U/UB) = 
Jd[n(Z‘) - nl] &’-birefringence for a given value of the applied voltage 
U/UB > 1 [see also (16)]. Taking into account (30) we can transform (31) 
as follows: 

(32) 

where 

v = n:/ni - 1 
(1  + y sin’ x ) ( l  + ,y sin2 x )  

v sin2 x)(sin* em - sin’ x )  = [(1 + 

The computed values of 6(U/UB) for K = 0 and K = 0.99999999 are 
given in Figures 6 and 10 respectively. Figure 10 also shows that the 
threshold voltage of B-effect is practically independent of the NLC layer 
thickness or, what is the same, of the anchoring coefficient for the surface 
energy coupling of the new type (17, 22). This agrees with the results of 
our experimental investigations of the phase difference vs voltage (Figure 
7, 10a) but is considerably different from the results obtained in “Rapini 
model” (Figure 6). 

The new form of the surface energy coupling (17,22) does not affect the 
qualitative consideration of the flexoelectric NLC deformations given else- 

If E, = 0, then the director orientation in flexoeffect is 

e(Z) =”( ) . Z ’  UH LWi/2K33 + 1 - K, 
and phase difference 

A@o ’@ = (Lwi/2K33 + 1 - K,)’ 
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INVESTIGATION OF NLC DIRECTOR 75 

FIGURE 10 The birefringence S and the director orientation angle Ob at the boundaries vs 
voltage in B-effect. The numerical calculations (solid lines) were carried out for the new form 
of the surface energy coupling (17,22). W,, = lo-’ erg/cm’, K = 0.99999999 (curve 6 in 
Figure 9a). The NLC layer thickness L = lop (curve I-theory, @-experiment), 22(2 ,x ) ,  
34(3, A), lOo(4.0). 
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Here 

M. I .  BARNIK et al. 

for K 5 1 is the “effective” anchoring strength coefficient. In view of this, 
taking into account the estimation of the anchoring coefficient 
WL 5 erg/cm2, obtained in our experimental investigation of flexo- 
effect, we have for the real anchoring Wo 5 1.7 * lo-’ erg/smz. It should 
be noted that the difference between two anchoring coefficient values, 
obtained in our two experiments may be caused by the influence of the 
SnOz conducting layer, which may increase surface energy coupling in 
B-effect investigations. As it is mentioned above, we have not coated the 
glass substrates with SnOz in the experiment, concerning flexo- 
deformations. However, we would like to emphasize, that as far as a new 
type (17,22) of the surface energy coupling is concerned, the anchoring in 
both experiments remains weak, contrary to Rapini model. 

Let us consider one more aspect of weak anchoring within the framework 
of our model. As it is shown in Figures 6b and 10b in this case, the director 
orientation 8, at the boundaries sharply increases with the voltage and very 
rapidly approaches the value 8, = 7r/2. The value of the voltage U,, the 
effect is observed at, can be estimated in our model. Assuming, that 
8 - n/2 - p,  (PI + 1 we have from (19): 

from which p = AchqZ’ + Ash@’. The boundary conditions (21) give: 

- = V[th V + 2&cth(2. V) . A  
GL 1 =, 1 KI 1 

where 

(34) 

The value 

can be estimated in accordance with (22) as follows: 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

0:
31

 2
1 

Fe
br

ua
ry

 2
01

3 



INVESTIGATION OF NLC DIRECTOR I1 

As it follows from (35) the equation (34) has no solutions V 2 7r/2 for 
K + 1. This is confirmed by our computations, which show that for 
sufficiently low values of WJ. the equations (29) have no solutions, such 
as e b  = ~ / 2 .  The solution for 6, disappears at a certain value of voltage U,, 
so that for U > U, there exists only one solution 6, = 8 = n/2. It means 
that at U = U, (6, = 0,) the director undergoes a discontinuous change to 
perpendicular with respect to the external field orientation within the whole 
layer.' For the curves 1 and 2 shown in Figure 10b U ,  = 1.12ub, 
6, = 0.113 (in radians) and U ,  = 1.9UB, 0, = 0.104 respectively. The 
value of V, = [(7r/2)(Uc/Us)] can be estimated from (34), if one notices 
that in the limit p - 1, when equations (33) and (34) are still correct, the 
coefficient A in (34) can be found by direct calculations. In point of fact, 
if we assume in (34): 

fork 5 1, 

then the condition p - A - 1 gives for K13 = 0: 

8 7r u c  In - = V,thV, - V, = - - GL WJ 
2KIl 6 ~ K l l  1 - K 2 us 
--- 

(36) 
W0L 3 8 

or U ,  = - - -USln-  
KI, r2 1 - K  

Finally we would like to find the limits of the second order elasticity KI3 
variations, provided that the surface energy coupling of a new type has 
taken place. Knowing that G = (dw/de) > 0 for any value of W, > 0 we 
come to the conclusion, that the right side of (34) is also positive. As it 
follows from this, K13 5 -KII ma~~,~(thV/2crhV) = -(KlI/2). In order 
to find the upper limit for the value of K13 we rewrite the equation (34) for 
the case of S-effect, making the following changes: 

KII * K33, K I ~  * -K13 

Then we have: 

- = V[ rhV - -crh2V 
GL 
2K33 2K13 K33 I (37) 

*If the surface polarization m,, # 0 then the orientation 0 = 7r/2 within the whole NLC 
layer cannot be achieved (20). 
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where 

M. I. BARNIK et al. 

The positivity of the right side of (37)  gives: 

Thus the second order elasticity K13 varies within the range: 

Kl I -- I KI3 S O ,  

provided that the surface energy coupling W is an increasing function of the 
director deviation at the boundaries (&'/do) > 0. We have computed the 
curves G(U/UB) and Bb(U/UB), using the new type of anchoring energy 
(17,22) ( k  = 0.99999999) for the value of KI3  = - ( K l l / 2 ) .  The results 
happen to be only slightly different from those shown in Figure 10. In view 
of this, as far as a new form of anchoring energy is concerned, one can 
neglect the elasticity of the second order, assuming K13 = 0. However, in 
the case of weak anchoring other factors are to be taken into consideration: 
a surface flexoelectric torque and a surface polarization [see (20) ] .  The 
influence of these parameters on the NLC behavior in orientational effect 
will be the object of our future investigations. 

CONCLUSION 

The work investigates certain director orientational deformations and the 
corresponding NLC optical characteristics in electric field for different 
boundary conditions and consists of two Parts. 

In Part I we study the effect of Total Internal Reflection (TIR) in NLC 
layer with homeotropic (B -effect) or planar (S -effect) initial orientation 
subjected to an external electric field. Strong anchoring of the NLC mole- 
cules with the substrates is assumed. The intensity of the transmitted light 
vs angle of incidence is shown to exhibit very sharp and deep oscillations 
in the vicinity of the TIR angle, the period and the amplitude of the 
oscillations depending on the applied voltage. The calculated TIR values in 
B and S-effects agree with our experimental data. 

In Part II we investigate orientational deformations of homeotropically 
aligned NLC layer in an electric field parallel and perpendicular to the 
initial director orientation (B -effect and flexoeffect respectively). The ap- 
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parent strong anchoring of the NLC molecules with the substrates in B- 
effect, found in our experiment, is explained by introducing the surface 
energy coupling in the new form (17). It should be noted that the expres- 
sion (17) means only one of the possible approximations of the real form 
of the surface energy coupling, so that the further theoretical and experi- 
mental studies are necessary. Using the experimental curves of the bi- 
refringence vs applied voltage for different NLC layer thicknesses we 
evaluate the anchoring strength coefficient W,. The value of W, is in 
agreement with the results obtained elsewhere:6~z0~22~23 

W, - 10-~ t lo-’ erg/cm2 
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